The concept of super-wavelet was introduced by Balan, and Han and Larson over the field of real numbers which has many applications not only in engineering branches but also in different areas of mathematics. To develop this notion on local fields having positive characteristic we obtain characterizations of super-wavelets of finite length as well as Parseval frame multiwavelet sets of finite order in this setup. Using the group theoretical approach based on coset representatives, further we establish Shannon type multiwavelet in this perspective while providing examples of Parseval frame (multi)wavelets and (Parseval frame) super-wavelets. In addition, we obtain necessary conditions for decomposable and extendable Parseval frame wavelets associated to Parseval frame super-wavelets.
Introduction
Having applications in signal processing, data compression and image analysis, super-wavelets solve the problems of multiplexing in networking, which consists of sending multiple signals or streams of information on a carrier at the same time in the form of a single, complex signal and then recovering the separate signals at the receiving end. The concept of super-wavelets was introduced by Balan in [5] , Han and Larson in [20] as follows: A super-wavelet of length n is an n-tuple (f 1 , f 2 , ..., f n ) in the direct sum Hilbert space n L 2 (R), such that the coordinated dilates of all its coordinated translates form an orthonormal basis for n L 2 (R). Here, every f i is known as a component of the super-wavelet. Our main goal is to develop the theory of super-wavelets in the setting of local fields having positive characteristic while for the local field, Jiang, Li and Jin in [22] introduced the concepts denotes the ring of integers which is a unique maximal compact open subring of K, where the absolute value |x| of x ∈ K satisfies the properties (for more details, we refer [29] ): (i) |x| = 0 if and only if x = 0
(ii) |xy| = |x||y|, and (iii) |x + y| ≤ max {|x|, |y|}, for all x, y ∈ K. The equality holds in case of |x| = |y|.
Further, we consider a maximal and prime ideal P = {x ∈ K : |x| < 1}
in O, then P = pO, for an element p (known as prime element) of P having maximum absolute value in view of totally disconnectedness of K, and hence, P is compact and open. Therefore, the residue space Q = O/P is isomorphic to a finite field GF (q), where q = p c for some prime p and positive integer c. For a measurable subset E of K, let
where χ E is the characteristic function of E and dx is the Haar measure for K + (locally compact additive group of K), so |O| = 1. By decomposing O into q cosets of P, we have |P| = q −1
and |p| = q −1 , and hence for x ∈ K\{0} =: K * (locally compact multiplicative group of K),
we have |x| = q k , for some k ∈ Z. Further, notice that O * := O\P is the group of units in K * ,
and for x = 0, we may write x = p k x ′ with x ′ ∈ O * . In the sequel, we denote p k O by P k , for each k ∈ Z that is known as fractional ideal. Here, for x ∈ P k , x can be expressed uniquely as i=0 is a fixed full set of coset representatives of P in O. Let χ be a fixed character on K + that is trivial on O but is nontrivial on P −1 , which can be found by starting with nontrivial character and rescaling. For y ∈ K, we define χ y (x) = χ(yx), x ∈ K.
For f ∈ L 1 (K), the Fourier transform of f is the functionf defined bŷ
which can be extended for L 2 (K). Theorem 2.1. Let Z := {u(n)} n∈N 0 be a complete list of (distinct) coset representation of O in K + . Then, the set
is a list of (distinct) characters on O. Moreover, it is a complete orthonormal system on O.
Next, we proceed to impose a natural order on Z which is used to develop the theory of Fourier series on L 2 (O). For this, we choose a set
is isomorphic to the vector space GF (q) over finite field GF (p) of order p as q = p c . For n ∈ N 0 such that 0 ≤ n < q, we write
where 0 ≤ a k < p. By noting that {u(n)} q−1 n=0 as a complete set of coset representatives of O in P −1 with |u(n)| = q, for 0 < n < q and u(0) = 0, we define
Now, for n ≥ 0, we write n = s k=0 b k q k , where 0 ≤ b k < q, and define
In general, it is not true that u(m + n) = u(m) + u(n) for each non-negative m, n but
Now, we sum up above in the following theorem (see, [29, Proposition 6.6] , [6] ):
Theorem 2.2. For n ∈ N 0 , let u(n) be defined as above. Then, we have (a) u(n) = 0 if and only if n = 0. If k ≥ 1, then we have |u(n)| = q k if and only if
Following result and definition will be used in the sequel [18] :
3 Parseval frame multiwavelet sets for local fields
Let K be a local field of characteristic p > 0, p be a prime element of K and u(n) ∈ K for n ∈ N 0 be defined as above. Then a finite set Ψ = {ψ m :
where the dilation and translation operators are defined as follows:
If the system A(Ψ) is an orthonormal basis for L 2 (K), Ψ is called an orthonormal multiwavelet
In the case of Parseval frame system A({ψ}) for
, ψ is known as Parseval frame wavelet. Moreover, a Parseval frame multiwavelet Ψ is
Notice that for f ∈ L 2 (K) and ξ ∈ K, we have
The following is a necessary and sufficient condition for the system A(Ψ) to be a Parseval frame for L 2 (K) [6] :
is a Parseval frame for L 2 (K) if and only if for a.e. ξ, the following holds:
In particular, Ψ is a multiwavelet in L 2 (K) if and only if ψ m = 1, for 1 ≤ m ≤ M, and the above conditions (3.1) and (3.2) hold.
In the sequel of development of wavelets associated with an MRA on local fields of positive characteristics, Jiang, Li and Jin in [22] obtained a necessary and sufficient condition for the system {ϕ(· − u(k)) : k ∈ N 0 } to constitute an orthonormal system which is as follows:
The following is a generalization of above characterization:
Then a necessary and sufficient condition for the system
Proof. Notice that for every
since the system {O + u(k) : k ∈ N 0 } is a measurable partition of K, and for all l, k ∈ N 0 , χ u(k) (u(l)) = 1 in view of Theorem 2.3. Further, as the function r is integral periodic, we write the above expression as follows:
because of Theorem 2.1. Therefore, we have condition
holds for all integral periodic functions r ∈ L 2 (O, w) if and only if w(ξ) = χ Ω (ξ), a.e. ξ, where
Now, it is enough to show that f ∈ V ϕ if and only if
for some integral periodic function r ∈ L 2 (O, w). This follows by noting that
is an isometry which is onto, where
and P ϕ is the space of all integral periodic trigonometric polynomials r with the
Here, f ∈ A ϕ if and only if for r ∈ P ϕ , f (ξ) = r(ξ) ϕ(ξ), where
for a finite number of non-zero elements of {a k } k∈N 0 . Now, by splitting the integral into cosets of O in K and using the fact of integral periodicity of r, we have
which shows that the operator U is an isometry.
Following result gives a characterization of bandlimited Parseval frame multiwavelets in
and only if following hold:
(i) {p j W : j ∈ Z} is a measurable partition of K, and
Such set W is known as Parseval frame multiwavelet set (of order M) in K.
a.e., that is equivalent to the part (i), which also gives that for
Further in view of Theorem 3.2, the system
that is equivalent to the part (ii). In this case
By scaling W 0 for any j ∈ Z, we have
and (ii) hold, which is true if and only if (i) and (ii) hold.
and only if the following hold:
Such set W is known as multiwavelet set (of order M) in K.
The most elegant method to construct multiwavelets is based on multiresolution analysis (MRA) which is a family of closed subspaces of a Hilbert space satisfying certain properties. By an MRA, we mean that a sequence of closed subspaces {V j } j∈Z of L 2 (K) satisfying the following properties: for all j ∈ Z,
(ii) there is a ϕ ∈ V 0 (known as, scaling function) such that {ϕ(· − u(k))} k∈N 0 forms an orthonormal basis for V 0 .
If we replace the term "orthonormal basis "by "Parseval frame "in the last axiom, then above is known as Parseval frame MRA. Now, we provide an example of multiwavelet set associated with an MRA with the help of ring of integers:
Example 3.5 (Shannon type Multiwavelet). Let us consider the ring of integers O in K. Then, O is an additive subgroup of P −1 , and hence the system
is a measurable partition of P −1 , where the set {u(n)} q−1 n=0 is a complete set of distinct coset representatives of O in P −1 with u(0) = 0, and |u(n)| = q, for 0 < n < q. Thus the system
is a measurable partition of the set
Now, we consider the set W i defined by
Then, we have the following properties of W i :
(ii) For each 1 ≤ i ≤ q − 1 and ξ ∈ W i , we have ξ = x + u(i), for some x ∈ O, and hence,
} is a measurable partition of K, and for all l, m ∈ N 0 , u(l) + u(m) = u(n), for some n ∈ N 0 in view of Theorem 2.2(c).
W i is a multiwavelet set of order (q − 1) in view of Corollary 3.4. Next, we consider a space V 0 defined by
where the associated scaling set S = O. Then, the sequence {D j V 0 } j∈Z is an MRA by noting the properties of its associated scaling set (see, [27] ). Here note that the scaling set S has the following properties: S = j∈N p j W , the system {S + u(k) : k ∈ N 0 } is a measurable partition of K, the multiwavelet set W = p −1 S\S, and
Next, we provide examples of Parseval frame wavelet and multiwavelet set for L 2 (K) and show that they are associated with Parseval frame MRA.
Example 3.6. Let m ∈ N. Then, the set p m O * = P m \P m+1 has the following properties:
(ii) The system
is a measurable partition of a measurable subset of K since
Therefore, for each m ∈ N, the set p m O * is a Parseval frame wavelet in L 2 (K) in view of Theorem 3.3. Next, consider a space V 0 defined by
Then, the sequence {D j V 0 } j∈Z is a Parseval frame MRA by noting the properties of its associated scaling set (see, [27] ). Here, the associated scaling set is 
is a measurable partition of a subset of K since P m+1 ⊂ O, and the system {O + u(k) : k ∈ N 0 } is a measurable partition of K.
Example 3.7. Let m ∈ N and consider the Example 3.5. Then, the set p
This follows by noting that (i) the system {p m W i : 1 ≤ i ≤ q − 1} is a measurable partition of p m−1 O * since the system
is a measurable partition of the set p −1 O * , and
(ii) the system {p j (p m W ) : j ∈ Z} is a measurable partition of K since the system {p j W : j ∈ Z} is a measurable partition of K,
is a measurable partition of a measurable subset of K since |p
as the system {W i + u(k) : k ∈ N 0 } is a measurable partition of K.
Next, consider a space V 0 defined by
where the associated scaling set is S = j∈N p j (p m W ). Then, the sequence
Parseval frame MRA by noting the properties of its associated scaling set (see, [27] ). Here note that the scaling set S has the following properties:
4 Super-wavelet of length n for local fields
Balan in [5] , and Han and Larson in [20] introduced the notion of super-wavelets that have applications in many areas including signal processing, data compression and image analysis.
The following definition of super-wavelets for local fields is an analogue of Euclidean case:
Definition 4.1. Suppose that Θ = (η 1 , η 2 , ..., η n ), where for each i ∈ {1, 2, · · · , n}, η i is a Parseval frame wavelet for L 2 (K). We call the n-tuple Θ a super-wavelet of length n if The result given below is a characterization of a super-wavelet of length n in case of local fields of positive characteristic. 
.., n, and
Proof. Suppose (η 1 , ..., η n ) is a super-wavelet of length n. Then, the system B(Θ) is an orthonormal basis for n L 2 (K). Therefore for each 1 ≤ i ≤ n, the function η i is a Parseval frame wavelet for L 2 (K), and hence the conditions (i) and (ii) follow from equations (3.1) and (3.2). Now, condition (iii) follows from following descriptions: Using the properties of {u(k) : k ∈ N 0 }, the expression
Now, let j ≥ 0 and k ∈ N 0 . Since for each m, k ∈ N 0 , χ u(k) (u(m)) = 1, and the system {O + u(k) : k ∈ N 0 } is a measurable partition of K, we have
and hence, we obtain
Therefore, the result follows by comparing the above expression together with the Fourier coefficient and Fourier series of a function in L 1 (O), and noting that the system {χ u(k) } k∈N 0 is an orthonormal basis for L 2 (O).
Conversely, suppose that conditions (i)-(iii) hold. Then by noting above discussion, to complete the proof it remains only to show that the system B(Θ) is dense in n L 2 (K). The result follows by writing the following for every m ∈ {1, 2, · · · , n},
This fact is true in view of the following: for l = 1, 2, · · · , n, j ∈ Z and k ∈ N 0 , we can write
and
, and hence we have
The following is an easy consequence of above theorem:
.., η n ) is a super-wavelet of length n if and only if the following equations hold:
(a) for each i ∈ {1, 2, · · · , n}, the system {p j W i : j ∈ Z} is a measurable partition of K,
Proof. Suppose (η 1 , ..., η n ) is a super-wavelet of length n such that |η i | = χ W i , for i ∈ {1, 2, · · · , n}. Then, for each i ∈ {1, 2, · · · , n}, the function η i is a Parseval frame wavelet in L 
which is true for j = 0 since
in view of conditions (a) and (b). Now, let j = 0. Then, the expression
. Also, we have
which proves condition (c).
Conversely, let us assume that for each i ∈ {1, 2, · · · , n}, the function η i satisfies the conditions (a), (b) and (c), where 
Next, we provide examples of super-wavelet of length n, and Parseval frame super-wavelet of length n for the local field having positive characteristics: Example 4.6. Consider the functions η i , for i ∈ {1, 2, · · · , n − 1} whose Fourier transforms are defined by
where n ≥ 2. Then, the collection {η 1 , η 2 , · · · , η n−1 } has the following properties:
is a measurable partition of K as {p j O * : j ∈ Z} is a measurable partition of K,
(ii) for each i ∈ {1, 2, · · · , n − 1}, the system
is a measurable partition of a subset of K as {O +u(k) : k ∈ N 0 } is a measurable partition of K, and p j O * ⊂ O, where j ∈ N 0 , (iii) for i, j ∈ {1, 2, · · · , n − 1} and k, l ∈ N 0 , we have
Next, let us assume the set S ⊂ K be such that {p j S : j ∈ Z} is a measurable partition of K, and there is a bijective map from S to p n−2 O defined by
for every ξ ∈ S and for some l ∈ N 0 . Here, the existence of such set follows by noting Theorem 1 of Dai, Larson, and Speegle [13] . Then, Θ = (η 1 , η 2 , · · · , η n ) is a super-wavelet of length n, where
This follows by noting Theorem 4.3 and observing that for each i ∈ {1, 2, · · · , n}, the function η i is a Parseval frame wavelet in L 2 (K), and the set
is a measurable partition of K.
Further analogous to Euclidean case [15, 30] , if we assume conditions (a) & (b) of Theorem 4.3 and replace the condition (c) of Theorem 4.3 by "the system
is a measurable partition of a measurable set of K", then we call (η 1 , ..., η n ) as a Parseval frame super-wavelets. Following is an example of Parseval frame super-wavelet of length n.
Example 4.7. Consider the functions η i , for i ∈ {1, 2, · · · , n} whose Fourier transforms are defined by
is a Parseval frame super-wavelet of length n. In addition, this is associated with Parseval frame MRA. For more details, see the above Example 4.6, and notice that the system
is a measurable partition of a subset of K.
Decomposable Parseval frame wavelets for local fields
In this section we study the extendable and decomposable Parseval frame wavelets and their properties with respect to the local field K of positive characteristics while the same was studied by many authors for the case of Euclidean space [14, 19, 20] . A Parseval frame wavelet η is said to be an n-decomposable (n > 1) if η is equivalent to a Parseval frame super-wavelet of length n. By an equivalent Parseval frame super-wavelets (η 1 , ..., η m ) and (µ 1 , ..., µ n ), we mean that there is a unitary operator
The following result provides a characterization of the equivalence between two Parseval frame super-wavelets:
Proposition 5.1. Suppose that (ψ 1 , ..., ψ M ) and (ϕ 1 , ..., ϕ N ) are Parseval frame super-wavelets. Then they are equivalent if and only if for a.e. ξ and n ∈ N 0 ,
Proof. The result follows by noting that (ψ 1 , ..., ψ M ) and (ϕ 1 , ..., ϕ N ) are Parseval frame superwavelets if and only if
for each m, n, l ∈ N 0 . Further, notice that for each m, n, l ∈ N 0 , we have
is a measurable partition of K, and for each r, s ∈ N 0 , u(rq s ) = p −s u(r), and χ u(r) (u(s)) = 1, therefore we can write above expression as follows:
Similarly, we can write the above expression for ϕ i , and the result follows by noting that the collection {χ u(k) (ξ) :
The following result gives a necessary condition for decomposable Parseval frame wavelets:
Proof. Suppose ψ is decomposable into Parseval frame wavelets f 1 , · · · , f m , and
Then we have
and hence by applying integrals on both sides, we have
Notice that for each k ∈ N 0 , we have |ξ − u(k)| ≤ |ξ|, where ξ ∈ O + u(k), which follows by observing Theorem 2.2 along with the fact |ξ| = |η + u(k)| = max{|η|, |u(k)|} = |u(k)|, since |η| < |u(k)|, for η ∈ O and k ≥ 1. Therefore, we have In view of definition of super-wavelet (or a Parseval frame super-wavelet) (η 1 , ..., η n ), η i is necessarily a Parseval frame wavelet for L 2 (K), for each i ∈ {1, .., n}. A Parseval frame wavelet η 1 is extendable to a super-wavelet of length n (or n-extendable) if there exist Parseval frame wavelets η 2 , ..., η n such that (η 1 , ..., η n ) is a super-wavelet of length n. The following result gives necessary condition for extendable super-wavelets: This computation follows same as the proof of Proposition 5.2.
